We discuss the production and evolution of cosmological gravitons showing how the cosmological background affects their dynamics. Besides, the detection of cosmological gravitons could constitute an extremely important signature to discriminate among different cosmological models. Here we consider the cases of scalar-tensor gravity and f (R) gravity where it is demonstrated the amplification of graviton amplitude changes if compared with General Relativity. Possible observational constraints are discussed.
general and any (material and geometric) contribution to the right-hand side of the Einstein field equations can contribute. The metric dependence of the energy momentum tensor is not always straightforward and modifications can be induced by scalar fields, geometric invariants and any source contributing to the expansion of the universe (see for example Ref. [23] ).
Before considering the cosmological applications, it is worth discussing conformal properties of graviton dynamics in a given expanding background. These considerations are worth in view of understanding how the evolution of gravitons can be used to probe different cosmological backgrounds. As we will show, the approach works for models where it is possible to disentangle the standard fluid matter with respect to the geometry into the Einstein field equations. In general, perturbing the metric means
where |h µν | ≪ 1 is the perturbation with respect to a given background g µν . It is straightforward to obtain the perturbed Ricci tensor and scalar,
We are not considering the perturbation of scalar fields because the spin two field, i.e. the graviton, does not mix with the scalar field (spin zero) field. In this sense, the "genuine" graviton is a tensor field propagating into a given background. However, it is worth noticing that extending GR means to take into account further degrees of freedom that can be figured out as effective scalar fields [11] . By imposing the gauge condition
the Einstein field equations
assume the following perturbed form:
Here we are assuming that the energy-momentum tensor perturbations, acting as a source, lead the evolution of the gravitons. This means that any source contributing to the r.h.s. of Eq. (6) affects the propagation of gravitons. However, before considering the form of δT µν , we have to discuss conformal properties of gravitons showing how further degrees of freedom of gravitational field can be figured out as further scalar fields acting as sources. In general, gravitational waves derive from perturbations h µν of the metric g µν and transform as 3-tensors. The gravitational wave equation in vacuum and in the transverse-traceless gauge is
where is the d'Alembert operator defined as ≡ (−g) −1/2 ∂ µ (−g) 1/2 g µν ∂ ν . This equation comes directly from the Einstein field Eqs. (5) in the Minkowskian limit. The Latin indexes are for spatial coordinates and the Greek ones for spacetime coordinates. Our task is now to derive the analog of Eqs. (7) assuming a generic theory of gravity conformally related to GR.
Assuming the conformal transformation
where Φ is the conformal scalar field, the Ricci tensor and scalar are respectively
where the scalar part can be easily disentangled with respect to the tensor part. The box operator transforms in the conformal metric as
and then, applied to Eq.(8), gives
This means that the gravitational wave equation in the Jordan frame becomes
expressed in the conformal metric g µν . Since no scalar perturbation couples to the tensor part, we can discard the δΦ contribution and, being h
. In this sense, h j i results conformally invariant. The wave amplitude is then
where e j i is the polarization tensor for both metrics. Time evolution is given by the scalar amplitude function h(t), where we are assuming that time and space coordinates are disentangled in the evolution of gravitons. The meaning of the formula (11) is that the background conformally changes. In other words, the gravitational waves can be used to test different cosmological backgrounds. Below, we will specify the conformal transformations for scalar tensor and f (R) gravity for Friedmann-Robertson-Walker (FRW) universes. In other words, we will consider FRW universe in physical time and in conformal time description taking into account the evolution of gravitons. Finally, an important point has to be stressed. The characteristic properties of the gravitational waves are preserved under general conformal transformations where Φ is a general spacetime function. In particular, the transverse property is always preserved by a conformal transformation if ∇ µ h µν = 0.
Although
In fact we have,
where D is the dimensions of space-time. Then even if we impose the gauge condition (4), we obtain
If we assume that the background metric and therefore Φ only depend on the cosmological time t and we consider the perturbation with h tµ = 0, the r.h.s. in (15) vanishes, and then
Therefore the equation for the graviton is not changed by the conformal transformation (8) . In this sense, as we will discuss below, gravitational waves, i.e. gravitons, can be an efficient tool to probe the cosmological background. A first systematic study in this sense is reported in [24] . These authors studied the behavior of cosmological gravitational waves under conformal transformations pointing out that information carried in Einstein's and in Jordan's frame are different. This fact is extremely important in order to discriminate the physical frame.
III. THE PRODUCTION OF COSMOLOGICAL GRAVITONS
Before considering specific backgrounds, it is worth discussing the mechanism of production of cosmological gravitons. In general, the cosmic evolution of gravitons is strictly related to the problem of their production. It is worth stressing that cosmological gravitons contribute to the stochastic background and can be generated by several mechanisms of cosmological and astrophysical origin [26, 27] . As a general remark, the gravitational stochastic background is essentially due to very energetic phenomena in early universe and it is strictly related to the cosmological model. It is possible to show that the graviton evolution can be connected to given cosmological models assuming that contributions to the stochastic background come from the vacuum fluctuations originated at primordial inflation eras. The paradigm is that a transition occurs between a superluminal (e.g. exponential or power law phase) and a Friedmann power-law phase. Gravitons adiabatically evolve in relation to damped oscillations (∼ 1/a). Here a is the FRW scale factor. The process stops when gravitons reach the Hubble radius H −1 . Here the Hubble size is the perturbation particle horizon. Further fluctuations are negligible thanks to the inflation. Gravitons freeze out at a/k ≫ H −1 . As soon as the reheating starts, gravitons reenter the Hubble radius. Depending on the graviton scale perturbations, such a reenter can happen at radiation era or at dust era. The Sachs-Wolfe effect on the temperature anisotropy △T /T is the way to detect the phenomenon [28] .
The mechanism of graviton production can be outlined as follows. Let us consider a scalar field Φ acting as the inflaton. In order to have inflation, it has to beΦ ≪ H, where the dot represent the derivative with respect to cosmic time. It is worth defining a conformal time dσ = dt/a. Then the conformal gravitational wave equation (12) in FRW metric, adopting the definition (11), becomes
where χ = ae Φ and derivation is with respect to σ. Clearly, the given cosmological model is assigned by Φ. The mechanism of production can be realized as follows. The inflationary background is given, in general, by a(t) = a 0 exp(Ht) and then σ = dt/a = (aH) −1 . This means that, inside (17), it is χ ′ /χ = −σ −1 . The solution of (17) is
where C 1,2 are integration constants. We can distinguish between two regimes, inside and outside the Hubble radius. Inside the Hubble radius H −1 , it is kσ ≫ 1. Supposing that the initial vacuum state is symmetric, this means that we have no initial graviton and then only negative-frequency modes are generated. The adiabatic behavior is then
with C again a constant. The change of regime is realized at the first horizon crossing (aH = k). Here, the averaged amplitude A h = (k/2π) 3/2 |h| of the perturbation can be assumed as
As soon as the scale a/k becomes larger than H −1 , the growing modes are constant and result frozen. This situation is realized for −kσ ≪ 1 in Eq. (18) . The inflaton field is Φ ∼ 0 at reenter. As a consequence the amplitude A h of the graviton remain the same up to the second horizon crossing. It can be observed as anisotropy perturbation on the microwave background. In particular A h is the upper limit on the cosmological temperature perturbation which is
and this means that other effects can bring contributions to the background anisotropy [29] . In Eq. (21), the important quantity is C, the amplitude in Eq. (19) . It is conserved up to the reenter. It strictly depends on inflation that produce perturbations by means of zero-point energy fluctuations. Specifically the production mechanism depends on the specific theory of gravity that gives the background and then the inflationary behavior. From an observational point of view, (△T /T ), through A h , is a further constraint to select cosmological models and then to select possible modified gravity theories [30] .
Coming into details, one can explicitly show how the graviton amplitude is related to the background and the field sourcing the inflation. Let us take into account a single graviton described as a monochromatic wave. Its zero-point amplitude is derived from the commutation relation:
calculated at time t. Here the amplitude h has the role of the field and π h is its conjugate momentum. One can write an effective interaction Lagrangian for h as
in the conformal metric g µν . From this Lagrangian, the conjugate momentum is
Immediately, the formal Eq. (22) becomes
Functions h andḣ are expandable through creation and annihilation operators, i.e.
Taking into account the conformal time, the commutation relations are
Considering the solution (19) and (20) of cosmological equation (17), we obtain C = √ 2π 2 He −Φ where H and Φ are calculated at the first horizon-crossing. Explicitly we obtain
which means that the amplitude of gravitons produced during inflation directly depends on the cosmological model (see also [31, 32] for a detailed discussion on this point).
Clearly, e Φ = 1 for GR. Below, we shall consider two relevant cases, scalar-tensor and f (R) gravity, showing that graviton evolution can be a relevant tool to discriminate features of cosmological models.
IV. THE SCALAR TENSOR CASE
Let us develop the above considerations for some specific theories of gravity. First of all, we have to specify the explicit form of δT µν . Assuming the scalar field model in [33] whose action is given by
we find
and therefore
up to first order in perturbations. We are interested in the evolution of tensor gravitons so we can consider only the spatial component of h µν , that is h ij . Assuming a FRW spatially flat metric
and φ = t in (31), the FRW equations are
We find
for the kinetic term and the scalar field potential expressed as functions of the scale factor a(t) and its derivatives. By using (6) , (31), (34) , and φ = t, we find the evolution equation of graviton:
which clearly depends on the cosmological background. We have to compare Eq. (35) with the expression in case of δT µν = 0. We obtain
where the different coefficients specify the role of scalar field φ, and then the matter source, in the evolution. Clearly, Eqs. (35) and (36) 
and assuming h ij given by the above spatially plane wave (13) , one has
We can define a new conformal time coordinate τ as
and then we obtain
Here k 2 ≡ k · k is the wave number of Eq. (17). To study the evolution of gravitons after the inflationary production, let us consider a power-law behavior for the scale factor of the universe, that is
with t 0 and α real constants. Depending on the value of α, Eq. (41) involves a power law (superluminal) inflation (α ≥ 1), a Friedmannian (subluminal) evolution (0 < α < 1), and a pole-like (phantom) behavior (α < 0). The universe given by (41) can be realized by the scalar-tensor model in (29) by substituting (41) into the expressions for ω(φ) and V (φ) given in (34) , that is
Eq. (39) tells us that, if α = 1 3 , the conformal time is
Therefore t → 0 corresponds to τ → 0 if α < . It is worth noticing that α > 1 3 corresponds to the accelerating expansion of the universe and α < 1 3 to the decelerating expansion. From a physical point of view, a(t) ∼ t 1/3 represents a stiff-matter behavior [25] . Furthermore we have that
Here τ 0 ≡ t0 1−3α . Because 1 It is worth noticing that the conformal time σ adopted above is useful for the scaling properties of the graviton while τ is considering the volume invariance related to a 3 . The time τ can be always related to σ.
when |τ | → ∞ and the first term dominates when τ → 0. In other words, the graviton behavior can discriminate among the various cosmological regimes. Let us now assumeĥ ij behaves asymptotically aŝ
Because γ − 2 − 2 (γ − 1) = −γ, if γ > 0, the first term in the r.h.s. of (46) dominates when τ → 0 and the second term dominates when |τ | → ∞. If γ < 0, the second term in (46) dominates when τ → 0 and the first term dominates when |τ | → ∞.
When the first term in the r.h.s. of (46) dominate, by using (40) and (44), we find
Then combining (43), (45), and (47), we find
which is not a plane wave. On the other hand, when the second term in (46) dominates, we find
which corresponding to the oscillating mode. By using (43) and (45), and (49), we obtain
The obtained expression is oscillating but it is not a simple plane wave except in the limit of α → 0. In the above two cases, we find that γ > 0 when 0 < α < 1 3 or α > 1 and γ < 0 when 1 3 < α < 1. Furthermore when the second term (44) and the first term in (46) dominate, if we assume (51), we find γ = 0, that is,ĥ ij becomes a constant, which may tell that we need an ansatz different from (45) likê
with a constant η and we find
that is
In terms of the cosmic time t, Eq. (51) can be written aŝ
In case that the second terms in (44) and (46) dominate, if we assume the behavior (51), we find γ = 0, again, which tells us thatĥ ij is given by (51) and we re-obtain (52) and (53). It is worth noticing that η becomes imaginary if α < −1 or α > 1 7 but the real part of η is always positive and, therefore, we find that when τ → 0,ĥ ij → 0 and when |τ | → ∞,ĥ ij diverges.
We can summarize the above considerations as follows.
1. When t → 0, (a) α > 1. In this case, t → 0 corresponds to τ → −∞ as written after Eq. (43) . Then the first term in (44) dominates. Furthermore because α > 1 tells γ > 0, the second term in the r.h.s. of (46) dominates and therefore the solution oscillates but the absolute value ofĥ ij is finite.
(b) 1 3 < α < 1. Even in this case, t → 0 corresponds to τ → −∞. Because the second term in (44) dominates, the solution is given by (51) and diverges as in (54).
(c) 0 < α < 1 3 case. Because t → 0 corresponds to τ → 0, the first term in (44) dominates and γ > 0, which tells that the first term in the r.h.s. of (46) dominates and by using Eq. (48), we findĥ ij goes to a finite value.
When t → +∞,
(a) α > 1. Because t → +∞ corresponds to τ → 0, the second term in (44) dominates and the solution is given by (54), which decreases for large t.
(b) 1 3 < α < 1. Because t → +∞ corresponds to τ → 0, again, the first term in (44) dominates. Then the second term in the r.h.s. of (46) dominates, the solution oscillates as in (50) and the absolute value ofĥ ij is finite.
(c) 0 < α < 1 3 case. Because γ > 0 and t → +∞ corresponds to τ → +∞, the solution is given by (50). Therefore the solution begins to oscillate but the absolute value ofĥ ij can be finite.
In summary, we find the enhacement of the gravitational wave when α > 0 in late time. Such a behavior could be interesting from an observational point of view. Becauseĥ ij could be always finite, Eq. (38) tells that the gravitational wave h ij grows up by the factor a(t)
2 . For comparison, we can consider the model with δT µν = 0 in (36) , that is when the scalar field does not act as a source for the gravitational equations. Then by using (38) and (39), instead of Eq. (40), we obtain
In the case of the power-law scale factor in (41), instead of (44), we find
Then as in (44) 
and therefore we obtain
In this case, the real part of η is not always positive but if 0 < α < 2 5 , η − is negative. In conclusions, we can say that the cosmological evolution of the graviton depends on the cosmic background. Furthermore, the behavior of the graviton could be used to discriminate between the presence or not of a scalar field acting as a source in the field equations.
V. THE f (R) CASE Similar considerations can be developed also in the case of f (R) since the further degrees of freedom coming from the extension of GR (i.e. f (R) = R) can be always figured out as a further scalar field [3, 4] . For the sake of simplicity, let us assume a power-law f (R) function of the form
and a power-law scale factor (41) . The exponents α and m are related as follows
We have to note that there are extrema for α = −5 ± 2 √ 6 at m = 2 ∓ 3 2 . In f (R) gravity, the above conformal transformation (8) is
mapping the Jordan frame into to the Einstein frame. In the Einstein frame, the graviton modes and the scalar mode can be separated and we can easily find the equation of graviton (35) . In the Einstein frame, the further degrees of freedom of f (R) gravity can be recast as a scalar source in T µν and separated with respect to the evolution of the tensorial graviton. Below we will discuss the relative contributions of tensor and scalar modes in the stochastic background.
Considering again the power-law scale factor (41), the scalar curvature is proportional to 1 t 2 , then f ′ (R) can be written as
The metric (61) in the Einstein frame is given by
A time coordinate t E in the Einstein frame can be defined as follows
Here
It is worth noticing that t → 0 corresponds to t E → 0, if m < 2 but to t E → ∞, if m > 2 and t → ∞ corresponds to t E → ∞, if m < 2 but to t E → 0 if m > 2. Then the metric in the Einstein frame is given by
Thenα ≡ 3 (m−1) 2 (m−2) 2 can be identified with α in (41) in the Einstein frame, which is different from α in the Jordan frame.
Since, in the Einstein frame, we can write the action in the scalar-tensor form, we can use the previous arguments. We find the following correspondence: 1)α = 0 ⇔ α = 0 , (m = 1); 2)α = +∞ ⇔ α = ±∞ , (m = 2); 3)
. It is important to stress that there is no one-to-one correspondence betweenα and m or α. Then by using the results about the scalar tensor theory, we find:
The solutionĥ ij oscillates but its absolute value is finite. < m < 2 (α > 1 ,α > 1): The solutionĥ ij oscillates but its absolute value is finite.
We note that this case corresponds to t E → ∞. Then the solution decreases for small t.
When
The solution decreases for large t. 
This case corresponds to t E → 0 case. Therefore the solution oscillates but the absolute value ofĥ ij is finite.
Then we find that when m <
2 , the amplitude of the solution is suppressed in the late time. For m > 2 or 1 2 < m < 1, α assumes negative values and therefore the universe undergoes a phantom evolution. It is worth noticing that the phantom universe does not appear in the case of scalar tensor theory. For phantom universe, t → ∞ corresponds to the infinite past by changing the direction of time and t → 0 corresponds to the Big Rip singularity. Near the Big Rip singularity, in case m > 2,ĥ ij decreases; for 1 2 < m < 1,ĥ ij is finite and not oscillating near the Big Rip singularity for t → 0.
In the case α > 0, corresponding to the quintessence universe,ĥ ij decreases for both scalar-tensor and f (R) gravity. We have to note that there is a difference in the exponent. In the case of scalar-tensor gravity, the exponent is given by (54) but in case of f (R) gravity, by using (64), it iŝ
which is the relation of the solution in the Einstein and in the Jordan frame. Hereη, instead of (53), is given byη
We should also note thatα is defined according to (66). For example, when m → −∞, we find α → −m → +∞ and α → 3 and therefore
4 . Then the exponent is given bỹ
The corresponding exponent in (53), for the scalar tensor gravity, is
Then the decreasing exponent in the f (R) gravity is much larger than the corresponding exponent in the scalar-tensor theory, the ratio is 8/3. This means that if one is capable of fixing the exponent by observations, we can distinguish the f (R) gravity from the scalar-tensor theory. In this way, the evolution of the gravitons can be a tool to discriminate among competing cosmological models. We stress again that, although the phantom phase does not appear in the scalar-tensor theory, the phantom universe appears in f (R) gravity and in the cases 1 2 < m < 1 and α < 0,ĥ ij is finite even near the Big Rip singularity. Therefore we can easily distinguish the phantom universe from the quintessence phase with α > 1 in the scalar-tensor theory and the f (R) gravity becauseĥ ij decreases in the quintessence phase.
Some remarks are needed also regarding the Equation of State (EoS). Because the FRW equations in the Einstein gravity coupled with perfect fluid are given by,
it is convenient to define the effective EoS parameter in terms of the Hubble rate H ≡ȧ a as follows,
For the power law expanding universe in (41), one finds H = α t and therefore
Then the limit of α → +∞ in (69) and (70) corresponds to the limit of w eff → −1, which is consistent with the ΛCDM model. We have also to note that there is no one-to-one correspondence between α and m in the f (R) gravity as in (60). Besides, the limits m → −1 and m → 2 − 0 give α → +∞. In the limit of m → 2 − 0, we obtain the expression (70) of the scalar-tensor theory even for the f (R) gravity and therefore it becomes difficult to distinguish f (R) from scalar-tensor gravity.
In the scalar-tensor theory, there is an enhancement by the factor a(t) 2 because the effective gravitational wave h ij is related toĥ ij by Eq. (38) . Let us now investigate what happens in f (R) gravity. In the Einstein frame, we have a relation similar to Eq. (38) ,
The scale factor a E in the Einstein frame is related with scale factor a in the Jordan frame by a 2 E = f ′ (R)a 2 as given by (61). Furthermore Eq. (61) tells us that the gravitational wave h ij in the Jordan frame is related with the gravitational wave h E ij by h ij = f ′ (R) −1 h E,ij , then we find
Therefore there is an enhancement by a factor a(t) 2 but the situation is not changed with respect to that in the scalar tensor theory given in (61). As stated above, it is clear that the plane-wave amplitude evolution of the tensor graviton strictly depends on the background.
VI. DISCUSSON AND CONCLUSIONS
As we said, the only realistic approach to investigate the above interplay between the cosmological background and the graviton evolution is the study of the stochastic background of gravitational waves. The stochastic background coming from gravitons can be mainly related to two phenomena: the (incoherent) superposition of gravitational waves generated by populations of astrophysical objects that cannot be resolved [34] , and the primordial background of gravitational waves coming from early epochs [17, 35] . The stochastic background in described and characterized by a dimensionless spectrum [27, [36] [37] [38] , that is
The corresponding strain at ≈ 100 Hz, for VIRGO and LIGO at maximum sensitivity [45, 46] is an interesting quantity to be derived. For this purpose, one can adopt the characteristic amplitude equation for a given component [27] . It is
Finally, we obtain h GR (100 Hz) < 1.3 × 10 −23 , h s (100 Hz) < 2 × 1.410
where GR and scalar modes are considered.
Because we have sensitivities of the order 10 −22 for the VIRGO and LIGO interferometers at ≈ 100 Hz, one needs to gain more or less three orders of magnitude. At smaller frequencies the sensitivity of the VIRGO interferometer is of the order of 10 −21 at ≈ 10 Hz and, for the GR and scalar modes, it is h GR (100 Hz) < 1.3 × 10 −22 , h S (100 Hz) < 1.4 × 10 −25 .
These numerical results point out that tensor modes can be clearly distinguished by scalar modes. Furthermore, cosmological models can be characterized by the gravitational wave density parameter.
Other features can be put in evidence by the evolution of gravitons in a cosmological background. For example a phantom universe cannot be realized in scalar-tensor gravity but can be realized in the f (R) gravity. In general, it is difficult to distinguish the phantom universe with w < −1 from the quintessence universe w > −1, if w is almost −1.
As discussed after Eq. (70), in the phantom universe realized in the context of f (R) gravity,ĥ ij is finite but, in the quintessence phase,ĥ ij decreases. This fact, according to the analysis performed above, can have dramatic consequences in the measurements of h and of Ω GW and therefore we could distinguish, in principle, the phantom universe from the quintessence universe by the stochastic background of gravitational waves.
In the quintessence universe, realized for α > 1, even if the expansion is identical for the same α, the exponents of h ij are different for scalar-tensor and f (R) gravity, as shown in (69) and (70). Then by observing the decreasing of graviton in the long range, one can distinguish between scalar tensor and f (R) gravity.
The paradigm presented here can be adopted also for other models (e.g. Galileon, Gauss-Bonnet, etc.) as soon as one is capable of characterizing the source δT µν and a graviton propagation equation (17) . Clearly, such an equation depends on the conformal factor in (8) that characterizes both the source and the model. From a genuine observational viewpoint, a main role is played by the upper limit (21) and the amplitude (28) . Both of them are related to the Sachs-Wolfe effect and then to the capability of a fine determination of cosmic microwave background temperature anisotropies.
To conclude, we have shown that amplitudes of tensor gravitons and their evolution strictly depend on the cosmological background. This background can be tuned by a scalar field that specifically select the theory of gravity. Conversely, taking into account that primordial vacuum fluctuations produce stochastic gravitons, beside scalar perturbations, kinematical distortions and so on, the initial amplitude of these gravitons is a function of the given theory of gravity. Finally, the Sachs-Wolfe effect could contribute to select a given gravity theory that can be consistently matched with other observations.
